Statistics and parameters

Tables, histograms and other charts are used to summarize large amounts

of data. Often, an even more extreme summary is desirable.
e A number that summarizes population data is called a parameter.
e A number that summarizes sample data is called a statistic.

Observations:

e Population parameters are (more or less) constant, while sample
statistics depend on the particular sample chosen—i.e., sample
statistics vary with the sample.

e Sample statistics are known because we can compute them from
the (available) sample data, while population parameters are often
unknown, because data for the entire population is often unavailable.

e One of the most common uses of statistics is to estimate (unknown)

population parameters.




Measures of central tendency

The most extreme way to summarize a list of numbers is with a single,

typical value. The most common choices are the mean and median.

e The mean (average) of a set of numbers is the sum of all the values
divided by the number of values in the set.

e The median of a set of number is the middle number, when the
numbers are listed in increasing (or decreasing) order. The median
splits the data into two equally sized sets—50% of the data lies
below the median and 50% lies above.

(If the number of numbers in the set is even, then the median is the

average of the two middle values.)

The mean and median different ways of describing the center of the
data. Another statistic that is often used to describe the typical value

is the mode, which is the most frequently occurring value in the data.




Example. Find the mean, median and mode of the following set of

numbers:

{12,5,6,8,12,17,7,6,14,6, 5, 16).
e The mean (average).

1245+ 6+8+124+17474+6+14+6+5+16 _ 114 _ .

12 12
e The median. Arrange the data in ascending order, and find the
average of the middle two values in this case, since there are an even

number of values:

5,5,6,6,6,7,8,12,12,14,16,17 — median = # = 7.9.

e The mode is 6, because 6 occurs most frequently (three times).




Comments:

e The mean is sensitive to outliers—extreme values in the data (much
bigger or much smaller than most of the data). Big outliers pull the

mean up and small outliers pull the mean down.

e The median gives a better sense of ‘middle’ when the data is skewed

in one direction or the other.
e The mean is easier to use in mathematical formulas.

e Both the median and the mean leave out a lot of information. E.g.,

they tell us nothing about the spread of the data or where we might

find ‘peaks’ (modes) in the distribution, etc.




The relative positions of the mean and median provides information
about how the data is distributed...

In this histogram the mean is bigger than the median.
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This is an indication that there are large outliers — the histogram has

a longer tail on the right. We say that the data is skewed to the right.




In this histogram the mean is smaller than the median.
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This is an indication that there are small outliers — the histogram has
a longer tail on the left. We say that the data is skewed to the left.




If the mean and median are (more or less) equal, then the tails of the
distribution are (more or less) the same, and the data has a (more
or less) symmetric distribution around the mean/median, as depicted

below.
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Example: The histogram below describes the distribution of household

income in the United States. The data comes from the Wikipedia’s

summary of the 2006 Economic Survey.

Percentage of US Households per Income
(data from 2006 Economic Survey)
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The distribution of household income is skewed to the right. The median
household income in the survey was about $44,400. The mean income
was about $63,000 (my estimate).

Percentage of US Households per Income
(data from 2006 Economic Survey)

o
o
o
Lo |
L)
—
v
Q
X




The mean and median describe the middle of the data in somewhat

different ways:

e The median divides the histogram into two halves of equal area: it
divides the data into two equal halves.

median
o

50% of the data 50% of the data




The mean and median describe the middle of the data in somewhat

different ways:

e The mean is the ‘balance point’ of the data:

A

Balance Point




Averages and medians give a snapshot of a set of data. If the data

comprises more than one variable, we can divide the data into categories

with respect to one variable, and study the average/median of another

variable in each category separately.

This allows researchers to discern relationships between different vari-

ables.

Example: The following graph comes from the 2005 American Com-
munity Survey of the US Census Bureau. It plots median household

income by state.




Figure 1.
Median Household Income in the Past 12 Months With 90-Percent Confidence
Intervals by State: 2005

New Jersey

Maryland
Connecticut B 2005 estimate
Hawaii —— 90-percent confidence interval
Massachusetts
New Hampshire
Alaska
Virginia
California
Delaware
Minnesota
Rhode Island
Colorado
Illinois
New York
Washington
Nevada
Utah
District of Columbia
Wisconsin
United States
Wyoming
Michigan
Vermont
Georgia
Pennsylvania
Arizona
Indiana
Nebraska
lowa
Ohio
Oregon
Kansas
Maine
Florida
Texas
Missouri
Idaho
North Dakota
North Carolina
South Dakota
South Carolina
Montana
Tennessee
New Mexico
Kentucky
Oklahoma
Alabama
Louisiana
Arkansas
West Virginia
Mississippi

$30,000 $35,000 $40,000 $45,000 $50,000 $55,000 $60,000 $65,000

Source: U.S. Census Bureau, 2005 American Community Survey.

Income, Earnings, and Poverty Data From the 2005 American Community Survey
U.S. Census Bureau




Notation:

e The population mean (a parameter) is denoted by the Greek letter
p (‘mu’). If there are several variables being studied, we put a
subscript on the p to tell us which variable it pertains to. For
example, if we have data for population height (h) and population
weight (w), the mean height would be denoted by u, and the mean
weight by iy, .

The mean of a set of sample data (a statistic) is denoted by putting
a bar over the variable. E.g., if {hq,ho,hs,..., h,} is a sample of

heights, then the average of this sample would be denoted by h

The median is usually denoted by m or M, and sometimes by (-
(more on this later).

We can use summation notation to simplify the writing of (long)

SuIns:

h1—|—h2—|-h3-|-”-—|—hn:Zhj:Zhj.
j=1




For example we can write:

E_hl—l_hQ_'_"'—'_hn

n

1 1
= Lt ha ket h) =~ Sk

Comment: The point of summation notation is to simplify expressions
that involve sums with many terms, or in some cases, an unspecified
number of terms. All the usual rules/properties of addition continue to

hold. In particular

1) > (hjtw)=> hj+ Y w;
(ii) Z(a-hj)za-(Zhj)

and

(iii) Z c=mn-c (here n is the number of constant terms).




Measuring the spread of the data

The mean and median describe the middle of the data. To get a better
sense of how the data is distributed, statisticians also use ‘measures of

dispersion’.

e The range is the distance between the smallest and largest values
in the data.

e The interquartile range is the distance between the value sep-
arating the bottom 25% of the data from the rest and the value
separating the top 25% of the data from the rest. In other words, it
is the range of the middle 50% of the data.

Example: In the histogram describing household income distribution,
about 25% of all households have incomes below $22,400 and about 25%

of all households have incomes above $78,000, so the interquartile range
is 78,000 — 22,400 = 65, 600.




The standard deviation: The standard deviation of a set of numbers

is something like the average distance of the numbers from their mean.

Technically, it is a little more complicated than that.

If 1,29, 23,...,2, are numbers and 7 is their mean, then one candidate

for measuring spread is the average deviation from the mean:

(:cl—f)+<x2—i>+~-+(:cn—f) _ iz(xj_@.

Potential problem: positive terms and negative terms in the sum can

cancel each other out... How much cancellation?

1 .1 I —_
gZ(ZBj—QS)ZEZZCj—EZQS

Complete cancellation!




Instead, statisticians use the standard dewviation, which is given by

SD, — \/% S (@; - 7).

In words, the SD is the root of the mean of the squared deviations
of the numbers from their mean.

(*) Squaring the deviations fixes the cancellation problem...

(*) ... but exaggerates both very small deviations (making them smaller)
and very large deviations (making them bigger)...

(*) ... and also changes the scale (e.g., from inches to squared inches).

(*) Taking the square root of the average squared deviation fixes both
of these problems.




